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Abstract

This study seeks to validate the accuracy and the efficiency of the aerodynamic reduced order model (ROM). In doing this, snapshot
data are generated from the full system analysis of a fighter wing problem. From an eigensystem analysis of these snapshots, the basis
vector reproducing the behavior of the full system is obtained. The span length, sweep angle, dihedral angle, and spar and rib thickness
representing the wing configuration are determined as the input variables. The constructed ROM is applied to the fighter wing problem
while varying the input conditions for validation. Subsequently, a comparison of the reduced system with the full system confirmed that
the aerodynamic performance is within 4% error and that the L, norms are 10°® order of the entire flow field. Therefore, the ROM is able
to capture the variation of the aerodynamic performance with respect to the input variables. Though there are structural input variables
which influence the aerodynamic performance indirectly, the ROM can reproduce the flow field of the full system. Additionally, even if
the ROM incurs a high computational cost to generate snapshots, it can represent the behavior of the full system efficiently once the re-

duced order model is constructed.
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1. Introduction

Recently, numerous improvements have been made in
computing systems and in computational fluid dynamics
(CFD) which have enhanced the computational efficiency and
accuracy in this area. However, the demand for high-fidelity
simulations regarding complex flow phenomena continues to
result in a substantial increase of computational time. Espe-
cially in aeroelastic problems such as flutter problems or in the
design of a full-scale integrated system such as a wing-
fuselage system, a CFD analysis is limited due to its high
computational cost.

To enhance the computational efficiency in CFD, the re-
duced order model (ROM) has been implemented with CFD
analysis tools [1]. The main feature of the ROM is that it in-
creases the computational efficiency and reduces the numer-
ous degrees of freedom (DOF) of the full system (flow vari-
ables) by performing singular value decomposition (SVD)
from the solutions of Euler or Navier-Stokes problems. In
other words, through proper orthogonal decomposition (POD),
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a small number of basis vector sets are extracted from the
experimental data or the analysis results that are able to ex-
press the crucial features of the flow field. The solution to the
ROM is obtained quickly in the low-dimensional space com-
posed of these basis vector sets and is then transformed to the
solution of the full system through a mapping function of the
reduced system [2, 3].

As a result of this significant advantage, a considerable
amount of ROM-related research has been done. Lucia ex-
tended the ROM to high-speed compressible fluid flows and
applied it to a blunt body problem [2]. In his research, he de-
veloped the domain decomposition approach with an internal
boundary condition to treat a region containing a moving
shock wave. Kim proposed an efficient time-domain system
identification and model reduction technique for linear dy-
namic systems (single-composite-input/eigensystem realiza-
tion algorithm; SCI/ERA) which enables the effective con-
struction of an ROM compared to previous schemes such as
Pulse/ERA [4]. Beran et al. implemented a full model which
couples two-dimensional Euler equations and the von Kérman
equation and constructed a limit-cycle oscillation ROM [5].
However, the advantage of the ROM is not proved in three-
dimensional Euler problems with unstructured grids. In addi-
tion, numerical testing is incomplete regarding predictions of
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the aecrodynamic performance with changes in structural vari-
ables such as the thickness of the rib or the spar. Hence, the
need to create an ROM remains for these types of aerodynam-
ics/structure coupling analyses.

Therefore, the objectives of this research are to construct
ROMs for an aerodynamic solver and an aerodynam-
ics/structure coupling solver and to validate their ability to
predict the aerodynamic performance accurately and effi-
ciently. To this end, snapshot data are extruded for the input
variables that define the wing configuration. ROMs are con-
structed with the POD basis vector sets obtained from these
snapshots and then are applied to fighter wing and wing-
fuselage problems. Comparing the results of the reduced sys-
tem with those of the full system, it will be shown that the
ROM has the capability of predicting the aecrodynamic per-
formance considering several input variables, especially struc-
tural input variables such as the spar and rib thickness.

2. Numerical approaches

2.1 Aerodynamic model

The governing equations for inviscid flow are known as Eu-
ler equations. For the conservation of mass, momentum and
energy of an ideal gas, the integral form of the three-
dimensional Euler equations are as follows:

gjg odv +jag F(Q)-iidS =0 (1)

The conservative variables Q and inviscid flux vectors
F(Q)-n are defined as Eq. (2).
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In this study, inviscid fluxes at cell interfaces are computed
using Roe’s flux-difference-splitting scheme. The Gram-
Schmidt process and QR decomposition with van Leer limiter
are used for the spatial discretization. The block Gauss Seidel
method is used for implicit time integration. Local time step-
ping and residual smoothing are applied for convergence ac-
celeration [6-9].

Because the flow condition of the reduced order model in
this research is characterized by a Mach 0.87 and an angle of
attack of 2 degrees, the flow field around the ONERA M6
wing is evaluated and compared to the experimental data of
Schmitt [10] in order to validate the accuracy of the developed
numerical analysis code. The flow condition of the numerical
analysis is set as follows: the free stream Mach number is 0.84
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Fig. 2. Pressure distribution on the upper surface of the ONERA M6
wing.
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Fig. 3. Surface pressure coefficients of the ONERA M6 wing (O :
experimental results [10], — : computational results).

and the angle of attack is 3.06°. The ONERA M6 wing grid
system consists of 75,313 nodes and 414,129 cells. (Fig. 1)

Fig. 2 shows the pressure distribution on the upper surface
of the ONERA M6 wing, confirming that there is a A shock. In
addition, the distributions of the pressure coefficient at spe-
cific spanwise locations are in good agreement with the ex-
perimental data as shown in Fig. 3. Therefore, in this study,
the use of the implemented code for the construction of a re-
duced order model is feasible.

2.2 Aerodynamics & structure coupling model

The Euler solver with unstructured grids and the stress hy-
brid four-node shell element originally developed by Amin-
pour [11, 12] were used in the aerodynamics/structure cou-
pling analysis. Additional details regarding the structural
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analysis and its validation can be found in Cho and Kim [12].
Fig. 4 shows the overall procedure of the aerodynam-
ics/structure coupling analysis. First, the pressure distribution
on the surface of the wing is computed in the aerodynamic
analysis, and this pressure is then transferred to each node of
the structural mesh. After a structural analysis is performed
with an aerodynamic load, the information of the deflected
wing tip is returned to the aerodynamic analysis. Aerody-
namic meshes are regenerated and the aerodynamic analysis is
executed again. While transferring the aerodynamic load and
the deformed wing shape, a pressure mapping algorithm [13,
14] and a displacement mapping algorithm [15, 16] using a
spring analogy are used. Additional detail regarding the aero-
dynamics/structure coupling analysis is available in the litera-

e [13]. In this study, the tight coupling method is used be-
cause this method improves the computational efficiency. The
tight coupling method involves a transfer of the deflection of
the wing shape at the intermediate stage of the aerodynamic
analysis [17].

2.3 Reduced order model — proper orthogonal decomposition
(POD)

POD [2] is a technique used to reproduce the behavior of an
overall fluid system using an orthogonal basis comprised of a
small number of degrees of freedom (DOF). Because the ap-
plication of POD modes excludes some of the high frequency
content, the time step size can be increased for better stability
using POD.

For simplicity, only one fluid variable, w(¢), is considered.
w(t) is spatially discretized using N nodes, including the
density (p), velocity field (u, v, w) and energy (e) in the Euler
equations. For this fluid variable, the full system dynamics
using a nonlinear operator R is depicted in Eq. (3).

%‘f £ R(w) =0 3)

POD produces a linear transformation ¥ between the full
system solution and the reduced order system solution. The
relationship between these variables is given in Eq. (4).

Interface
(aerodynamics = structure)
Acrodynamic load
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\

Fig. 4. Schematic of aerodynamics & structure coupling analysis.

w(t) =W +¥0) @

In this equation, ¥ is not time-varying, whereas w(¢) and
w(¢) are functions of time 7. The reduced order variable
w(t) represents deviations of w(¢) from the base solution of
W, . ¥ is obtained by collecting the solution w(¢)-W, that
is observed at different time intervals from time integration of
the full system or at several steady-state solutions of various
flow conditions. These observations are known as snapshots
and are selected as results that generally have various flow
fields and that minimize linear dependency.

From the number of snapshots (length N) Q, the snapshot
matrix is constructed as NxQ matrix S and is decomposed via
singular value decomposition. A new basis for the linear space
is identified and the linear space is regenerated to approximate
the original full domain and the nonlinear operator R. The
mapping function ¥'is produced as expressed by Eq. (5).

STSV =vA
)
=SV

In this equation, the matrix V is the matrix of eigenvectors
of §'S, and A is the diagonal matrix of the eigenvalues. To
eliminate redundancy in the snapshots, the columns of V" with
very small eigenvalues are truncated and the size of the matrix
of eigenvalues A is adjusted. If the columns of O-M from V
are eliminated, the mapping function ¥ will be an NxM matrix.
This reduced order mapping is the modal representation of the
flow field. The modes are the columns of ¥ which are a com-
bination of discretized spatial functions that are fixed for all
time. The vector w(¢) is a time-dependent set of the coeffi-
cients representing the coordinates of w(#) projected into the
truncated linear space described by the POD basis.

3. Results & discussions

The aerodynamic reduced order model (ROM) was applied
to the wing-fuselage and the fighter wing problems for valida-
tion as summarized in Table 1.

Case 1 is the ROM of the wing-fuselage system, and Case 2
is the ROM of the wing system. The first of these performs the
aerodynamic analysis with three input variables that determine

Table 1. Summary of validation cases.

Case 1 Case 2
Problem wing-fuselage wing
Flow condition Mach # 0.87 Mach # 0.87
Ao0A : 2 degree Ao0A : 2 degree
span
span sweep angle
Input variables sweep angle dihedral angle
dihedral angle spar thickness
rib thickness
Analysis aerodynamics acrodynamics/
structure
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the external shape of the wing. The second executes the aero-
dynamics/structure coupling analysis with five input variables,
including the rib and spar thickness. The flow condition for
the two cases is characterized by a Mach number of 0.87 and
an angle of attack of 2 degrees.

3.1 Case 1 — ROM of the wing-fuselage system

To extrude the snapshot data in Case 1, an aerodynamic
analysis is performed with the unstructured grids of the wing-
fuselage system as shown in Fig. 5. There are 56,348 nodes
and 287,798 cells with 32,778 faces used in the boundary
surfaces. For computational efficiency, only half of the ge-
ometry is considered due to the symmetry that exists in this
model.

As summarized in Table 2, three input variables (span
length, sweep angle, dihedral angle) were selected and eight
snapshots were collected over the space of interest.

Table 2. Snapshot data of Case 1.

Span Sweep Dihedral

(m) (deg) (deg)
snapshot 1 3.7760 325 2.5
snapshot 2 3.7760 325 2.5
snapshot 3 3.7760 375 2.5
snapshot 4 3.7760 375 2.5
snapshot 5 4.1956 375 0.0
snapshot 6 4.6151 325 25
snapshot 7 4.6151 35.0 -2.5
snapshot 8 4.6151 375 2.5

Table 3. Cases for validation of reduced order model.

Span Sweep Dihedral

(m) (deg) (deg)
validation 1 3.7760 35.0 0.0
validation 2 4.1956 325 2.5
validation 3 4.1956 325 2.5
validation 4 4.1956 35.0 2.5
validation 5 4.6151 325 2.5
validation 6 4.6151 325 0.0
validation 7 4.6151 375 2.5
validation 8 4.1956 35.0 0.0
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Fig. 5. Computational grids of the wing-fuselage system for Case 1.

An S"S matrix was constructed with these snapshots as
mentioned in the previous section. The basis vector sets were
obtained from the singular value decomposition to predict the
flow field for the space in which the span length was 3.7760-
4.6151 m, the sweep angle was 32.5-37.5 degrees and the
dihedral angle was -2.5-2.5 degrees. The aerodynamic ROM
was constructed from these vectors. To validate the con-
structed ROM, the results of the reduced system were com-
pared with those of the full system for the eight conditions
listed in Table 3. These are summarized in Table 4. In Table 4,
the L, norm value of the last column refers to the difference in
the five properties (the density, three velocity components and
the total energy) of the full system compared to those of the
reduced system for all of the grids. The lift-to-drag ratio, the
lift coefficient and the drag coefficient were within 4.6% error,
and because all L, norms are below the order of 10, the con-
structed ROM is confirmed to be in good agreement with the
full system.

In Fig. 6, the pressure coefficient distribution of Validation
# 5 is represented as it possesses the largest error of 4.60%.
The low-pressure region around the wing tip in the reduced
system is smaller than that in the full system. This difference
occurs because the ROM represents a flow field with a linear
combination of its basis vector sets. However, the trend of the
pressure coefficient distribution of the reduced system is simi-
lar to that of the full system.

If a full system analysis is performed with a computer con-
sisting of a Pentium D 3.0 processor with 2GB of RAM, each

(a) Full system

(b) Reduced system

Fig. 6. Comparison of pressure coefficient (Validation # 5).
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full system reduced system
L, norm
L/D CL Co L/D CL Cp

Validation 1 33.4820 0.2385 0.0071 ff (ift% (2214;;1)) (g(l)?z/z) 1.35x10°
Validation 2 33.2352 0.2522 0.0076 ?13 2613 ;]6) (?iiz/f) (gggz;:) 1.95%10°
Validation 3 33.1464 0.2572 0.0078 ?13 2597;5 (?2151‘:2) (gg(;z/f) 1.49x10
Validation 4 33.8446 0.2572 0.0076 ?: 5053022) (?if)i/(j) 82%2) 9.44x107
Validation 5 33.7281 0.2677 0.0079 ?14 11 51 026) (gif)f/i) (g(;(())z/f) 2.46x10°
Validation 6 33.6406 0.2701 0.0080 357838 ;]3; (223222) (?;(())ZZ/Z) 1.93x10°
Validation 7 35.3362 0.2646 0.0075 ?24 '73;;3 (géf)Z/Z) ((())',(igz/i) 2.24x10°
Validation 8 33.8962 0.2549 0.0075 ?g 6172‘15) (227332) (1(1%32) 9.04x107

Table 5. Comparison of computational time (Case 1).

Full order analysis Reduced order analysis

Time to construct reduced order

Analysis time for one case model
- 573240 sec :176.22 sec.
’ ’ ’ Time to predict a flow field
:3.31 sec.
Total 5732.40 sec. Total 179.53 sec.

case requires nearly 90 minutes, as shown in Table 5. On the
other hand, in the reduced order model, constructing the basis
vector requires 176 seconds and predicting the flow field re-
quires approximately 3 seconds. Naturally, because a full sys-
tem analysis is needed to generate snapshots, several hours
must be reserved for a large number of snapshots. However,
once the snapshots are prepared, only 3 minutes is required to
predict the flow field for the range of the input variables.
Therefore, the aerodynamic ROM can be used efficiently in
disciplines which require numerous aerodynamic results, e.g.,
aeroelastics, design optimization and others.

3.2 Case 2 — ROM of the wing system

The aerodynamics/structure coupling analysis is completed
with the grids of the fighter wing system as shown in Fig. 7.
There are 48,652 nodes and 244,311 cells for the aerodynamic
grids, and 678 nodes and 796 elements are used in the struc-
tural meshes.

In Case 2, to confirm that the ROM can capture the effect of
the structural variables on the aerodynamic performance, the
spar and rib thicknesses were added to the input variables used
in Case 1. If the aerodynamic analysis is performed alone, the
spar and rib thickness cannot affect the aerodynamic perform-
ance. However, in the aerodynamics/structure coupling analy-
sis, because the deflection of the wing tip is caused by the
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(a) Aerodynamic grids (b) Structural grids

Fig. 7. Computational grids of the fighter wing system for Case 2.

aerodynamic load, the aecrodynamic performance differs from
that in the single aerodynamic analysis. Additionally, a thicker
spar and rib for an identical aerodynamic load leads to a
smaller deflection of the wing tip. Therefore, the ROM in
Case 2 was constructed from snapshots of the aerodynam-
ics/structure coupling analysis and then compared to the full
system. The flow condition is characterized by a Mach num-
ber of 0.87 and an angle of attack of 2 degrees, as in Case 1.
For the structural analysis, it was assumed that Al2024-T6
comprised the material property of the spar and the rib. The
snapshot data of Case 2 is summarized in Table 6.

The snapshot matrix was generated and the ROM of the
aerodynamics/structure coupling analysis was then con-
structed. This reduced system was validated for the cases giv-
en in Table 7, and the results are shown in Table 8. In Table 7,
Validation # 3 / # 4 and Validation # 5 / # 6 are cases in which
the spar and rib thickness were varied and other variables were
fixed. The variation of the spar or rib thickness does not have
a significant effect on the aerodynamic performance compared
to the effects of other input variables. However, simultaneous
variation of the spar and rib thickness can have a nontrivial
influence on the aerodynamic performance. Therefore, these
two structural input variables were changed simultaneously to
confirm the effect on the aecrodynamic performance.
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Table 6. Snapshots of Case 2.

. Spar Rib
S(II):: )n i‘;:;)) D(l(l;z;ir.)al thicﬁness thickness

(cm) (cm)

Snapshot 1 3.7760 325 2.5 0.2 0.5
Snapshot 2 3.7760 325 2.5 3.0 0.1
Snapshot 3 4.6151 35.0 2.5 0.2 0.5
Snapshot 4 3.7760 37.5 2.5 1.6 0.5
Snapshot 5 4.1956 37.5 2.5 0.2 0.5
Snapshot 6 4.6151 375 2.5 3.0 0.1
Snapshot 7 46151 325 0.0 3.0 0.3
Snapshot 8 3.7760 375 0.0 3.0 0.1
Snapshot 9 3.7760 325 2.5 0.2 0.1
Snapshot 10 | 3.7760 325 2.5 3.0 0.1
Snapshot 11 3.7760 325 25 3.0 0.5
Snapshot 12 | 4.6151 325 25 0.2 0.3
Snapshot 13 4.6151 325 25 3.0 0.1
Snapshot 14 | 3.7760 37.5 2.5 1.6 0.1
Snapshot 15 | 4.1956 37.5 2.5 3.0 0.3

Table 7. Cases for validation of reduced order model.
. r Ri
span | swesp | et |G s

) ) (cm) (cm)
Validation 1 | 4.1956 35.0 2.5 3.0 0.1
Validation2 | 3.7760 375 2.5 3.0 0.5
Validation 3 | 4.1956 325 0.0 0.2 0.1
Validation4 | 4.1956 325 0.0 1.6 0.5
Validation 5 | 3.7760 35.0 0.0 0.2 0.3
Validation 6 | 3.7760 35.0 0.0 3.0 0.5
Validation 7 | 3.7760 37.5 2.5 0.2 0.5
Validation 8 | 4.1956 35.0 0.0 1.6 0.3

Table 8. Comparison of aerodynamic performances (Case 2).

In Validation # 3-# 6 of Table 8, the error of the ROM is
within 3.5% due to the variation of the structural variables.
This is lower than the error resulting from the variation of the
other input variables (4.36% in Validation # 2). In other words,
the ROM of the aerodynamics/structure coupling analysis is
capable of predicting the aerodynamic performance if the
effect of the structural variables is included in the snapshot
data obtained from the full system analysis.

The pressure coefficient distribution of Validation # 2 has
the largest error, at 4.36%, as shown in Fig. 8. It can be con-
firmed that the Cp contour of the reduced system is very simi-
lar to that of the full system.

(a) Full system

(b) Reduced system

Fig. 8. Comparison of pressure coefficients (Validation # 2).

Full system Reduced system
w | o | o |MESw | oo | oo s
Validation # 1 23.7559 0.2158 0.0091 1.8995 2(3135?&?) ?1201 5305/0 ) ?()04?990;) (118(298; ) 9.11 x10”
Validation # 2 23.6289 0.2016 0.0085 12152 2(?)‘;‘;;1)) ?3250 5%;) ) ?40305;] ) (122:9802 ) 1.47x10°
Validation # 3 22.9028 02184 0.0095 1.9275 z(%)ng/i) ?1291 14 <y20 ) ?2020;2) (1192063‘;) ) 1.20x10°
Validation # 4 229167 0.2186 0.0095 1.7715 2(?)19?/2) ?1271;30 ) ?206099';) (1175-:;) ) 127 x10°®
Validation # 5 22.6655 0.2038 0.0090 1.2253 2& gi‘i‘/Z) ?32 ;9();) ) ?106019:’;)) (13287 82 Oi ) 1.03x10°
Validation # 6 22.6886 0.2040 0.0090 1.0695 2(31(:;;?) ?3231 3050 ) ?1070;;) (131;)‘3)2) 9.96 x10”
Validation # 7 232121 0.2058 0.0089 1.3655 z(?)igz/i) ?32(; 12 02) ) ?20602;2) (14402 (;)Oi) 1.99 x10°
Validation # 8 23.5861 0.2182 0.0093 1.9040 2(31?)22/2) ?126134‘2 ) ?0050 69"2) (108982602) 5.91x107
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Table 9. Comparison of computational time (Case 2).

Full order analysis Reduced order analysis

Time to construct reduced order model

Analysis time for one case :289.33 sec.
: 7069.50 sec. Time to predict a flow field
:2.92 sec.
Total 7069.50 sec. Total 292.25 sec.

With the same environment and computer resources used in
Case 1, the computational time of the full system analysis is
nearly 2 hours per case, as shown in Table 9. However, in the
ROM, constructing the basis vector sets from the eigensystem
analysis requires 290 seconds and predicting the flow field
takes nearly 3 seconds. The amount of snapshot data in Case 2
is twice that that in Case 1; hence, the cost of obtaining the
basis vector sets doubles as well. As mentioned earlier, be-
cause the amount of snapshot data indicates the number of the
degrees of freedom that adequately reproduces the behavior of
the full system, a greater number of input variables implies
that additional snapshots are required. However, even if the
number of snapshots is increased, a full system analysis is no
longer required for the space of interest. Therefore, the use of
the ROM is efficient in disciplines requiring a great deal of
aerodynamic analysis.

4. Conclusions

In this study, reduced order models of a three-dimensional
Euler code with unstructured grids and an aerodynam-
ics/structure coupling analysis code are constructed. The snap-
shot data are generated for the input variables which represent
the fighter wing configuration. The basis vector sets which
reproduce the behavior of the full system are obtained through
an eigensystem analysis. The constructed reduced order mod-
els are compared and validated with the results of the full sys-
tem analysis. These results lead to several conclusions.

First, it was confirmed that the reduced order model con-
structed with several input variables is capable of predicting
the aerodynamic performance. In Cases 1 and 2, the lift-to-
drag ratio, the lift coefficient and the drag coefficient of the
reduced order models show discrepancy within 4.6% from
those of the full system. Additionally, the L, norm value for
all of the grids is on the order of 10°%; hence, the reduced order
model thoroughly reproduces the flow field for the space and
condition of interest.

Second, the reduced order model can capture the influence
of the structural input variables on the aerodynamic perform-
ance. Because the aerodynamic load results in the deflection
of the wing tip, the spar and rib thickness influence the aero-
dynamic performance indirectly. Therefore, if the effect of any
structural deflection is included in the snapshot data, a reduced
order model constructed with these snapshots can reflect the
variation of the aerodynamic performance with respect to the
structural deflection of the wing. Additionally, compared to
the other input variables, the variation of the structural input

variables has little effect on the accuracy of the reduced order
model.

Finally, though the reduced order model incurs a high com-
putational cost when generating snapshots, predictions of the
flow field in conditions of interest only require several sec-
onds once the reduced order model is constructed. This dem-
onstrates that the reduced order model would be efficient in
disciplines that require a great deal of aerodynamic analysis,
such as aeroelastics or design optimization.
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Nomenclature

AoA  : Angle of attack

Cp . Drag coefficient

C; :  Lift coefficient

Cp . Pressure coefficient

e . Total internal energy

F : Inviscid flux vectors

L/D : Liftto drag ratio

N : The number of nodes in full system

7 Normal vector on control surface
p Pressure

(0] Conservative variables or the number of snapshots
R Residual or nonlinear operation

S Control surface or snapshot matrix

t Time

u Velocity components in the x-direction
14 Control volume or matrix of eigenvectors of S'S
v Velocity components in the y-direction
w Velocity components in the z-direction
w Full system solution

W, Base solution

w Reduced system solution

A Diagonal matrix of eigenvalues of STS
P Density

14 Linear transformation

Q Cell volume

00 Boundary of domain Q

w Effective work
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